SOME EXAMPLES OF NONCOMMUTATIVE PROJECTIVE
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YUKI MIZUNO

ABSTRACT. In this article, we construct some examples of noncommutative projective
Calabi-Yau schemes by using noncommutative Segre products and quantum weighted hy-
persurfaces. We also compare our constructions with commutative Calabi-Yau varieties and
examples constructed in [I1]. In particular, we show that some of our constructions are
essentially new examples of noncommutative projective Calabi-Yau schemes.

1. INTRODUCTION

Calabi-Yau varieties are rich objects and play an important role in mathematics and physics.
In noncommutative geometry, (skew) Calabi-Yau algebras are often treated as noncommuta-
tive analogues of Calabi-Yau varieties. Calabi-Yau algebras have a deep relationship with
quiver algebras ([7], [29]). For example, many known Calabi-Yau algebras are constructed by
using quiver algebras. They are also used to characterize Artin-Schelter regular algebras ([2],
[23]). In particular, a connected graded algebra A over a field k is Artin-Schelter regular if
and only if A is skew Calabi-Yau.

On the other hand, a triangulated subcategory of the derived category of a cubic fourfold
in P°, which is obtained by some semiorthogonal decompositions, has the 2-shift functor [2]
as the Serre functor. Moreover, the structure of Hochschild (co)homology is the same as
that of a projective K3 surface ([12]). However, some such categories are not obtained as the
derived categories of coherent sheaves of projective K3 surfaces and called noncommutative
K3 surfaces.

Artin and Zhang constructed a framework of noncommutative projective schemes in [!],
which are defined from noncommutative graded algebras. In this framework, we can think
of Artin-Schelter regular algebras as noncommutative analogues of projective spaces, which
are called quantum projective spaces. Our objective is to produce examples of noncommu-
tative projective Calabi-Yau schemes that are not obtained from commutative Calabi-Yau
varieties. In the future, it would be an interesting question to compare the derived category
of a noncommutative projective Calabi-Yau scheme created in the framework of Artin-Zhang’s
noncommutative projective schemes with a noncommutative K3 surface obtained as a trian-
gulated subcategory of the derived category of a cubic fourfold.

As the definition of noncommutative projective Calabi-Yau schemes, we adopt the defini-
tion introduced by Kanazawa ([!1]). His definition is a direct generalization of the definition of
commutative Calabi-Yau varieties to noncommutative projective schemes. He also constructed
the first examples of noncommutative projective Calabi-Yau schemes that are not isomorphic
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to commutative Calabi-Yau varieties as hypersurfaces of quantum projective spaces. Re-
cently, some examples constructed by Kanazawa play an important role in noncommutative
Donaldson-Thomas theory ([13], [11]).

In this paper, we construct new examples of noncommutative projective Calabi-Yau schemes
by using noncommutative Segre products and weighted hypersurfaces. There are many known
examples of Calabi-Yau varieties in algebraic geometry. Some of them are complete intersec-
tions in Segre embeddings of products of projective spaces. Moreover, Reid gave a list of
Calabi-Yau surfaces, which are hypersurfaces in weighted projective spaces ([10], [22]). Moti-
vated by these two facts, we construct noncommutative analogues of the two types of examples
of Calabi-Yau varieties (Theorem 3.3, Theorem 3.15) in Section 3.

In order to prove that a noncommutative projective scheme is Calabi-Yau, we use the
methods of Kanazawa. However, they are not sufficient because the algebras we treat are
more complicated than the ones he considered. In order to construct noncommutative pro-
jective Calabi-Yau schemes as noncommutative analogues of complete intersections in Segre
products, we perform a more detailed analysis of noncommutative projective schemes defined
by Z2?-graded algebras, which were studied by Van Rompay ([31]). A different approach to
noncommutative Segre products is also studied in [%]. In order to construct noncommutative
projective Calabi-Yau schemes as noncommutative analogues of weighted hypersurfaces, we
consider quotients of weighted quantum polynomial rings. In commutative algebraic geometry,
the projective spectrum Proj(k[xo, - ,x,]) of a weighted polynomial ring is not necessarily
isomorphic to qgr(k[xg, - -+, x,]), where qgr(k[zg, - - ,z,]) is the quotient category associated
to k[xog, -+ ,xp] constructed in [!]. However, qgr(k[xo, - ,2,]) is thought of as a nonsingu-
lar model of Proj(k[zo,--- ,x,]) (see [20, Example 4.9]). We use this idea to construct new
noncommutative projective Calabi-Yau schemes. In addition, it should be noted that local
structures of noncommutative projective schemes of quotients of weighted quantum polyno-
mial rings are somewhat complicated. An analysis of the local structures was performed by
Smith ([25]). We show that the local structure obtained in [25] is described by the notion of
quasi-Veronese algebras introduced by Mori ([17]).

In Section 4, we compare our constructions from weighted hypersurfaces in Section 3 with
commutative Calabi-Yau varieties and the first examples constructed in [I1], focusing on
noncommutative projective Calabi-Yau schemes of dimensions 2. We show that some of our
constructions in Section 3 are not isomorphic to any of the commutative Calabi-Yau varieties
and the first examples constructed in [! 1] (Proposition 4.8). When we consider moduli spaces
of point modules of noncommutative projective schemes obtained from weighted hypersurfaces
in Section 3, there is a problem, which is in general weighted quantum polynomial rings are
not generated in degree 1. So, the notion of point modules is not necessarily useful in this

case. In this paper, we use theories of closed points studied in [1%], [20] and [27], etc. A
different approach to closed points of weighted quantum polynomial rings is studied in [25].
The notion of point modules defined in [2%] corresponds to those of ordinary and thin points in

[18]. To show that some of our constructions are not isomorphic to the examples obtained in
[11], we use Morita theory of noncommutative schemes, which is established in [] (see also [,
Section 6]). In the theory, we need to calculate the centers of noncommutative rings. By using
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these calculations, we can do a detailed analysis and some classifications of noncommutative
projective Calabi-Yau surfaces.

2. PRELIMINARIES

Notation and Terminology 2.1. In this article, £ means an algebraically closed field of
characteristic 0. We suppose N contains 0. Let A be a k-algebra, M be an A-bimodule and
1, ¢ be algebra automorphisms of A. Then, we denote the associated A-bimodule by Y M?, i.e.
YM? = M as k-modules and the new bimodule structure is given by a * m * b := 1)(a)mae(b)
for all a,b € A and all m € M. Let C be a k-linear abelian category. We denote the global
dimension of C by gl.dim(C). An N-graded k-algebra A is connected if Ay = k.

For any N-graded k-algebra A = @;°, A;, we denote the category of graded right A-
modules (resp. finitely generated graded right A-modules) by Gr(A) (resp. gr(A4)). Let
M € Gr(A) and A° be the opposite algebra of A. We define the Matlis dual M* € Gr(A°)
by M} := Homy(M_;, k) and the shift M(n) € Gr(A) by M(n); := M;1, (i,n € Z). For
M,N € Gr(A), we write Homa(M, N) := @, oz Homgya)(M, N(n)) € Gr(A4). For M €
Gr(A) and a homogeneous element m € M, we denote the degree of m by deg(m). We define
the truncation M, := @,~, M; € Gr(A) (n € Z). An element m € M is called torsion if
mAs, = 0 for n > 0. We say M is a torsion module if any element of M is torsion. We
denote the subcategory of torsion modules in Gr(A) (resp. gr(A)) by Tor(A) (resp. tor(A)).

Definition 2.2 (][I, Section 2]). Let A be a right noetherian N-graded k-algebra. We
define the quotient categories QGr(A) := Gr(A)/Tor(A) and qgr(A) := gr(A)/tor(A4).
We denote the projection functor by m and its right adjoint functor by w. The general
(resp. noetherian) projective scheme of A is defined as Proj(A) := (QGr(A),n(A)) (resp.

proj(A) := (qgr(A),n(A))).

Definition 2.3 ([!, Section 2], [20, Chapter 3]). A quasi-scheme over k is a pair (C, O) where
C is a k-linear abelian category and O is an object in C. A morphism from a quasi-scheme
(C,0) to another quasi-scheme (C’,’) is a pair (F,¢) consisting of a k-linear right exact
functor F : C — €’ and an isomorphism ¢ : F(O) = O'. We call (F,¢) is an isomorphism if
F' is an equivalence.

When A is as in Definition 2.2, we think of proj(A) = (qgr(A),m(A)) as a quasi-scheme.
For any (commutative) noetherian scheme X, (Coh(X),Ox) is also a quasi-scheme. From
this observation, we regard X as a quasi-scheme.

Definition 2.4 ([30, Section 4], [3, Section4]). Let A, B be N-graded k-algebras and my4 be
A>1. We define the torsion functor Iy, : Gr(A ®y B°) — Gr(A®y B°) by 'y, , (M) :=={m €
M | mAsy, = 0 for some n € N}. We write H},  :=R'T,,.

Definition 2.5 ([30, Definition 6.1, 6.2], [3/, Definition 3.3, 4.1] ). Let A be a right and
left noetherian connected N-graded k-algebra and A® be the enveloping algebra of A. Let R
be an object of DP(Gr(A®)). Then, R is called a dualizing complex of A if (1) R has finite
injective dimension over A and A°, (2) The cohomologies of R are finitely generated as both
A and A°-modules, (3) The natural morphisms A — RHom4 (R, R) and A — RHom 4. (R, R)
are isomorphisms in DP(Gr(A¢)). Moreover, R is called balanced if RT'),,(R) ~ A* and
RI,, . (R) ~ A* in D(Gr(A°)).
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3. CALABI-YAU CONDITIONS

Definition 3.1 ([! 1, Section 2.2]). Let A be a connected right noetherian N-graded k-algebra.
Then, proj(A) is a projective Calabi-Yau n scheme if the global dimension of qgr(A) is n and
the Serre functor of the derived category DP(qgr(A)) is the n-shift functor [n].

Remark 3.2. Actually, we do not need the condition that the global dimension of qgr(A) is
n. If the Serre functor of the derived category DP(qgr(A)) is the n-shift functor [n], then we
can easily show that this condition holds. However, when we prove the existence of the Serre
functor of DP(qgr(A)), we essentially need the condition that the global dimension of qgr(A)
is n (cf. [0, Theorem A.4, Corollary A.5], Lemma 3.10).

3.1. Z*-graded algebras and Segre products. In commutative algebraic geometry, when
X is the Segre embedding of P x P™ into P¥™+7+™ 4 smooth complete intersection Y C X
of bidegrees (n+1,0) and (0, m+ 1) provides a Calabi-Yau variety. We also have a little more
complicated example that gives a Calabi-Yau variety. That is a smooth complete intersection
of bidegrees (n,0) (resp. (n+1,0)) and (1,n+1) in P* x P" (resp. P**! x P*). We construct
noncommutative analogues of these examples.

Let C be an N?-graded k-algebra. We denote the category of Z2-graded right C-modules
(resp. finitely generated Z2-graded right C-modules) by BiGr(C) (resp. bigr(C)). Let M €
BiGr(C). We denote by C° (resp. C°¢) the opposite (resp. enveloping) algebra of C. We define
the Matlis dual M* € BiGr(C®°) by M;"; := Homy(M_; —;, k) and the shift M (n,m) € BiGr(C)
by M(m,n)i; == Mitm j+n (m,n,i,j € Z). For M, N € BiGr(C), we write Hom¢ (M, N) :=
D, nez Hompiar(c) (M, N(m,n)). For a bihomogeneous element m € M, we denote the
bidegree of m by bideg(m).

Let M € BiGr(C). We define the truncation M>y, >pn 1= @5, j>, Mij € BiGr(C) (n € Z).
We say m € M is torsion if mCs, >, = 0 for n > 0. If all m € M are torsion, then
M is called a torsion C-module. We denote the category of Z2-graded torsion C-modules by
Tor(C'). We also define tor(C') to be the intersection of bigr(C') and Tor(C'). When we assume
that C'is right noetherian, we have the quotient categories QBiGr(C) := BiGr(C')/Tor(C') and
gbigr(C) := bigr(C)/tor(C) (cf. [31, Section 2]). We denote the projection functor by = and
its right adjoint functor by w. We can define the general (resp. noetherian) projective scheme
Proj(C) (resp. proj(C)) associated to C' and the notion of projective Calabi-Yau schemes as
in the case of N-graded algebras.

Let D be an N?-graded algebra. We define m¢, , := C>1 >1 and the torsion functor Uine,
BiGr(C'®; D°) = BiGr(C®y, D°) by I, , (M) :={m € M | mC>pn>n = 0 for some n € N}.
We write m¢ 1= @, ;51 Ci,; and define another torsion functor 'y, : BiGr(C @) D°) —
BiGr(C ®j, D°) by I'y (M) :== {m € M | mC>,, = 0 for some n € N}, where C>, :=
D, j>n Cij € BiGr(C). See [23, Section 3] for details of I'p,.,. We write HﬁnCH = RT
and H}, , := R'Tp..

Mmey 4

Theorem 3.3. Let A := k(xo, - ,xn)/(xjTi — qjitixj)ij, B = ko, - ,ym)/(Yjyi —
qg-iyiyj)m and C := A ®y B, where qji,q;i € kX for all i,5. We regard C as an N?-graded
algebra with bideg(x;) = (1,0) and bideg(y;) = (0, 1) for all i.

(1) Let f:=5" 2" and g := it ygnﬂ. We assume that (i) qii = ¢ijqji = q?j'H =1

=0 "1
for alli,j, (ii) ¢}, = QQ]'QQ'Z' = QZ'n—H =1 for alli,j.
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Then, proj(C/(f,q)) is a projective Calabi-Yau (n + m — 2) scheme if and only if
[1iz0 gij and [[;Zy qi; are independent of j, respectively.
(2) Suppose that m =n+1 (resp. m =n) and qgj =1 for alli,j. Let f:=>", :U?Hyi
and g := Z?:Jrol Yyt (resp. ST yt). We assume that gii = qijqji = q?jﬂ =1 for all
i, j.
Then, proj(C/(f,g)) is a projective Calabi-Yau (2n — 1)(resp. (2n — 2)) scheme if
and only if [1i gij is independent of j.

Notation 3.4. For simplicity, we denote the bidegrees of f,g in the theorem by
(do,dq), (eo, €1), respectively.

Remark 3.5. e f,g are central elements in C' because of the choices of {g;;},{q;;}-
e Wehave n+m —2=do+dy +e+ e —4in (1). We have 2n — 1(resp. 2n — 2) =
do 4+ di +ep+e1 — 4 also in (2).
e In (2) of the theorem, even if we do not assume qz’-j = 1, the condition for f,g to be
central in C' implies qgj =1 for all 4, j after all.

To prove the theorem, we need to show some lemmas. Perhaps some experts may under-
stand the following lemmas. However, to the best of the author’s knowledge, there are no
references written on those lemmas, so the proofs are given below. In addition, the following
proofs do not depend on whether (1) or (2) in the theorem is considered (except for Lemma
3.8).

Lemma 3.6. Let R := 7r(RFmC/(f7g>++ (C/(f.9))") andR" := 7(Rlp,, , (C/(f,9))*). Then,

the functors — @“ R and — @ R'[—1] between D(QBiGr(C/(f,9))) and itself are naturally
isomorphic.

Proof. Let Iy, I be the ideals generated by {xo, - ,xn},{yo - ,Ym}, respectively. Then, we
have MC/(f,g),, = I NIz, meyy,g) = I1 + I2 and have the following long exact sequence in

BiGr(C/(f,9)%)
RN Hi”c/(f-,g) (C/(f7g)) — H;1 (C/(f7g)) S H}2(C/(fﬂg)) — H’fnc/(f’g)_*__*_ (C/(fag)) e

by using the Mayer-Vietoris sequence, where I';,(j = 1,2) is defined not by using the degrees

of I; but by using powers of I; (i.e., I'y; (M) := {m € M | mI} = 0 for some n}). Note that
we can use the Mayer-Vietoris sequence in our case because I, Iy are generated by normal
elements and this implies that I;, Io satisfy Artin-Rees property. We also have the exact
triangle in D(BiGr(C/(f,9)))

Rch/(f,g)(O/(f7g)) — RI'p, (C/(fv g)) ®RI'y, (C/(f’ g)) - Pirmc/(f,g)Jr+ (O/(fvg))

Moreover, H}l(C/(f,g))* and H}2 (C/(f,g))" are torsion modules for m¢/ (s, from Sub-
Lemma 3.7. So, the cohomologies of RI', (C/(f,9))*®RI',(C/(f,g))* are torsion. Combining
this result with the above triangle, we get the claim.

U

Sub-Lemma 3.7. Let Ii,Is be as in the proof of Lemma 3.6. Hj (C/(f,g))* and
Hj (C/(f,9))* are torsion modules for mey(s.q),, for any i.
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Proof. We only show that H}l (C/(f,g))" are torsion modules for mc/(t4),,- We can show
that H}Q(C/(f,g))* are torsion in the same way.
First, we prove that H? (C)7 is torsion. We have I'y, =T T Moreover, if J; is the ideal

generated by z{ T, - - ,332“ then we have PIn+1 T'j,. Note that z{ ", -+, 2"*1 are central

elements in C' from the choice of {g;;}.

Let M € Gr(C) be injective. Then, we have a surjective localization map M — M|z, (n+1)]
for any i and I'j, (M) is injective in Gr(C) because J; satisfies Artin-Rees property (cf.
[0, Lemma A1.4]). When M’ is injective in Gr(C®), then M’ is injective in Gr(C), where
Resc : Gr(C€) — Gr(C) is the restriction functor ([3/, Lemma 2.1]). Thus, we can calculate
Resc(HY (C)) by using a Cech complex € (zptt, -+ 27t C) (cf. [6, Theorem A1.3], [16,
Chapter 2, 3]). Then, we have (x5, ,22*,0) = G(«f™, -+ 2+ A) ® B. This
induces that ResC(Hjl(C)) ~ H}, (A) ® B. Because H}, (A)so =0 ([11, Proposition 2.4]),
Hj (C)* is torsion.

Finally, we consider the exact sequences of C-bimodules

0= C(~do, ~d1) 4 C = C/(f) =0, (3.1.1)

0 = C/(f)(~eo, —e1) = C/(f) = C/(f,9) = 0. (3.1.2)
Then, we take the long exact sequence for I'7, and we get the claim since H }1 (C)*istorsion. O
Lemma 3.8. gl.dim(qbigr(C/(f,g))) = do+ di1 +eo + €1 — 4.

Proof. We show the proposition only in (1) of the theorem. In (2) of the theorem, the
proposition can be shown in the same way (cf. Remark 3.9). We consider a bigraded (com-
mutative) algebra D := k[so, -, Sn, 0, s tm]/(3oig Sis Doreg i) With s; = 271 1, = yzerl
and the projective spectrum biProj(D) in the sense of [9, Section 1]. Then, C/(f,g) is a
finite D-module. So, gbigr(C/(f,g)) can be thought of as the category of modules over
a sheaf A of Oipyojpy-algebras, where A is the sheaf on biProj(D) which is locally de-
fined by the algebra (k[zo, - ,Zn,Y0, " Yml/(f,9)zy;)0,0) on each open affine scheme
Dy (sit;) =~ Spec((Ds;t;)(0,0))- Hence, it is enough to prove that the global dimension of
(K[, s xn, 90, ym]/(f, g )wly]) (0,0) = =do+dit+e+e—4=n+m-—2.

We can complete the rest of the proof in the same way as in [!1, Section 2.3]. We give
its sketch. For simplicity, we prove the claim when ¢ = j = 0. We define a k-algebra E by
FE = k[Sl, s ,Sn,Tl, cee ,Tm]/(l-i—Z?:l SZ‘, 1+Z;10Ti) with SZ = SZ'/S(],TZ‘ = ti/to. We also
define an F-algebra F' by F := k(X1, -+, Xy, Y1, -, Yi) /(Xs X — (q0igijq50) X; X4, YiY; —
(90:9};950)Y3Yi 1+ 300 XML+ 37 YY) with X = 2i/20,Y; = vi/yo. The module
structure of F'is given by the identifications S; = XZ-"H, T, = YimH. Let Fj; be the localization
of F'at a maximal ideal m := (S1—a1,-- -, Sp—an, T1—b1,- -+, Trn—bp,) of E with 14> | a; =
1+ ZZ’;I b; = 0 (a;,b; € k). Then, it is enough to prove that the global dimension of Fj, is
n+m—2 ([l1, Lemma 2.6, 2.7]).

If all a;, b; are not 0, then F//mF is a twisted group ring and hence semisimple. Moreover,

St1—ay, -, Sy —an,Th—b1, -+, T, — by, is a regular sequence in Fj;. This induces the claim
([15, Theorem 7.3.7]).
On the other hand, we assume that one of {ai, - ,an,b1, by} is 0. For example,

we assume a; = 0. We consider F'/(X;). Then, we can show that the global dimension of
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(F/(X1))im =n +m — 3 because pdp(S) = pdp)(x,)(5) + 1 for any simple F-module S with
Ann(S) =m ([, Theorem 7.3.5]). If some other a;, b; are 0, we repeat taking quotients and
can reduce to considering the global dimension of the algebra k[X,Y]/(X"*! 4+ 1, Y™+ 4+ 1),

which are 0. O
Remark 3.9. To prove Lemma 3.8 in (2) of the theorem, consider the projec-
tive spectrum X := biProj(k[so, - ,sn,to, - s tnt1)/ (Oieg Siti, Z?;LDI 1)) (resp.

biProj(k[so, -« , Snsto, - s tn)/ (Do Siti, 21— t'))) and the sheaf A of algebras on X asso-
ciated to C/(f, g).

Proof of Theorem 5.5. First, we calculate RT'y, ., , (C/(f,g))*. From [l], Proposition 2.4]
(or [23, Example 5.5]) and the proof of [23, Lemma 6.1], we have
Rl (C)* ~ RI,, (A)* @ RT Y, 4 (B)”
~ ¢A1(—d0 —ep) Rk ¢Bl(—d1 — 61)[d0 +di + ey + 61],

where ¢ (resp. ) is the graded automorphism of A (resp. B) which maps x; — [[;" ¢ji;
(resp. y; — [, q}iyj). Then, we consider the distinguished triangles

RT e (C(—dp, —d1)) ~5 RTy0,(C) — R, (C/ (1)),

RT e, 5, (C/(£)) (€0, —€1)) =% Rlumg,,(, (C/(f)) — RTumc(1.9)(C/ (. 9))

obtained from the exact sequences 3.1.1 and 3.1.2 of C-bimodules. Hence, we have

RCne, ;0 (C/(f,9))* = *®P (A @y B/(f,9)) [do + di + eo + 1 — 2]. (3.1.3)

In addition, we have the Serre duality in DP(qbigr(C/(f,g))) from Lemma 3.10. Thus, — @&
ﬂ-(R’FmC/(f,g)++ (C/(f,9))*)[—1] is the Serre functor of DP(qbigr(C/(f, g))) because this functor
induces an equivalence from Lemma 3.6 and the formula 3.1.3. Finally, the Serre functor
— QL ”(RFmC/(,f,g)++ (C/(f,9))*)[—1] induces the [dy + di + eo + e1 — 4]-shift functor if and
only if [[i_, ¢ij and [[}Z, ¢;; are independent of j (cf. [I |, Remark 2.5]). This completes the
proof.

0

The following lemma is well-known in the case of N-graded algebras (for example, see [7],

[35])-

Lemma 3.10 (Local Duality and Serre Duality for N?-graded algebras). Let D be a connected
right noetherian N?-graded k-algebra (connected means Doo = k). Let E be a connected N2-
graded k-algebra. We assume that I‘mD++ has finite cohomological dimension.

(1) Let Q := wom : BiGr(D) — BiGr(D). Let M € D(BiGr(D ®y, E°)). Then,
Ry, , (M)* ~ RHomp (M, Ry, |, (D)), (a)
RQ(M)" ~ RHomp(M,RQ(D)") (b)

in D(BiGr(D®y, E°)), where we denote the natural extension of Q) to a functor between
BiGr(D ®y E°) and itself by the same notation.
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(2) We assume that qbigr(D) has finite global dimension. Let M = w(M), N := w(N)
(M,N € DP(bigr(D))). Suppose Rp := W(RFmD++ (D)*) € DP(qgbigr(D)). Then,
N @ Rp € DP(qbigr(D)) and

qbigr(D))(M7 (N ®]L RD)[_l])/7

which is functorial in M and N'. Here, (—)" denotes the k-dual.

Home(qbigr(D))(N, M) ~ Hompyn

Proof. Since RilijJr+ (=) =~ lim;, 00 Exti(D/Dznzn, —) and D is right noetherian, one can

check that Rif‘mD++ (—) commutes with direct limits as in [33, Proposition 16.3.19]. In ad-
dition, if K is a complex of graded free right D-modules and L is a complex of graded right
De-modules, then I'y,, (K ®p L) ~ K ®p I'mp, (L) (cf. [21, Lemma 6.10]). So, we can

apply the argument of [30, Theorem 5.1] (or [20, Theorem 2.1]) to prove (a) of (1).
In order to prove (b) of (1), note that we have the canonical exact sequence and the
isomorphism (see also [, Lemma 4.1.4, 4.1.5])

0—Tppy. (M) = M — Q(M) — lim Ext'(D/Dsp >n, M) — 0,
++ n—00 ==

R'Q(M) ~ R™IT (M), (1<i,M € BiGr(D)).

MDy 4

So, from the previous paragraph, Q has finite cohomological dimension, R*@Q commutes with
direct limits. We also have Q(K ®p L) ~ K ®p Q(L), where K, L are as above (cf. [19,
Lemma 3.28]). Hence, we can also apply the argument of [30, Theorem 5.1] (or [!9, Theorem
3.29]) to prove (b) of (1).

We can prove (2) in the same way as in [7, Lemma A.1, Theorem A.4] by using (b)
of (1). Note that we have a natural equivalence DP(qbigr(D)) ~ DP(QBiGr(D)), where
DP(QBiGr(D)) is the full subcategory of DP(QBiGr(D)) consisting of complexes with coho-
mology in gbigr(D) ([5, Lemma 2.2]).

O

As a corollary of Theorem 3.3, we construct examples of noncommutative projective Calabi-
Yau schemes by using Segre products. Let A, B, f and g be as in Theorem 3.3.

Definition 3.11. (1) The Segre product Ao B of A and B is the N-graded k-algebra with
(A o B)Z = A; Qi B;.
(2) Let M € bigr(C) . We define a right graded A o B-module Ma as the graded A o B-
module with (Ma); = M; ;.

Lemma 3.12 (2], Theorem 2.4]). We have the following natural isomorphism
gbigr(C) —— qgr(A o B), 7(M) —— 7(Map).
In addition, the functor defined by — ®@aop C is the inverse of this equivalence.

Remark 3.13. Let J := (f,g) € bigr(C'). We similarly obtain an equivalence

qbigr(C/J) ~ qgr(Ao B/Ja).
Combining Theorem 3.3 with Remark 3.13, we get the following.

Corollary 3.14. Let J := (f,g) € bigr(C). Then, proj(Ao B/Ja) is a projective Calabi-Yau
scheme.
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3.2. Weighted hypersurfaces. Reid produced the list of all commutative weighted Calabi-
Yau hypersurfaces of dimensions 2 (for example, see [10], [22]). In this section, we construct
noncommutative projective Calabi-Yau schemes from noncommutative weighted projective
hypersurfaces. Let A be a right noetherian N-graded k-algebra. Then, the r-th Veronese
algebra A(") is the N-graded k-algebra with AZ(T) = A,;. We consider the (commutative)
weighted polynomial ring A = k[zg,- - ,x,] with deg(z;) = d;. Then, Coh(Proj(A)) is in
general not equivalent to qgr(A), but to qgr(A("+1)lcm(d0""’d")). However, we can think of
qgr(A) as a resolution of singularities of Coh(Proj(A)) (cf. [25, Example 4.9]). Moreover,
we have qgr(A4) ~ Coh([(Spec(A)\{0})/G,,]) and [(Spec(A)\{0})/G,,] is a smooth Deligne-
Mumford stack whose coarse moduli space is Proj(A).

Theorem 3.15. Let (dy,--- ,dy) € Zggl and d := Y d; such that d is divisible by d; for
alli. Let C = k(xo, -+ ,xn)/(xjz; — qjixiz;)ij, where q;; € k™, deg(x;) = d; for all i,j. Let
fo=0 2l where h; == d/d;.

We assume that q;; = q;jqj; = qzhj = qu =1 for all i,j. Then, proj(C/(f)) is a projective
Calabi-Yau (n — 1) scheme if and only if there exists c € k such that ¢% = [Ti2o gij for all j.

Remark 3.16. e f is a central element in C from the choice of {g;;}.
e Theorem 3.15 is a generalization of [ |, Theorem 1.1].

Lemma 3.17. The balanced dualizing complex of C/(f) is isomorphic to *(C/(f))'[n], where
¢ is a graded automorphism of C' which maps x; — [, ¢jix;.

Proof. Since C' is Artin-Schelter regular, C' is skew Calabi-Yau ([27, Lemma 1.2]). This
induces that the balanced dualizing complex of C is isomorphic to ?C(—d)[n + 1], where ¢ is
the Nakayama automorphism of C. From [23, Example 5.5], the automorphism ¢ is the map
which maps z; — [, gjiz;.

By using this result, we can obtain the claim in the same way as in the proof of Theorem
3.3 after Remark 3.9. 0

To calculate the global dimension of qgr(C/(f)), we recall the notion of quasi-Veronese
algebras. In detail, see [17, Section 3.

Definition 3.18 ([17, Section 3]). Let A be an N-graded k-algebra. The I-th quasi-Veronese
algebra AUl of A is a graded k-algebra defined by

Ay Apigr - Al
A o A . v A g
n . . li—1 li li+1—-2
Al=Pa’ = _ _ ' '
iEN iEN
Ay Aticiye 0 Aue

Remark 3.19. (1) We have Gr(A) ~ Gr(AY) ([17, Lemma 3.9]). The equivalence is
obtained by the functor @ : Gr(4A) — Gr(A), which is defined by Q(M) =
[—
Dicz (@j:B Mli—j)
(2) When A is right noetherian, Al ~ Do<ij<n1 AU — i)V € gr(A®), where AD is
the [-th Veronese algebra of A and the A®-module structure of Al is given by the
natural inclusion A ¢ Al (cf. the proof of [1¢, Proposition 4.11]). Then, A is also
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right noetherian since A®) is right noetherian. In this case, Q induces an equivalence
between qgr(A) and qgr(AlY).

Lemma 3.20. Let A be an N-graded k-algebra which is generated by homogeneous elements
Yo, -+ ,yn with deg(y;) > 0 as an Ag-algebra. Let 1 > max{deg(yo),--- ,deg(yp)}. Then, Al
18 generated in degree O and 1.

Proof. For any i € N and any a,b € {0,1,--- ,1 — 1}, it is enough to show that every homo-
geneous element m of the form

mo,0 NN ™mo,B PN mo,i—1
1
Ma.p € (A,E]) P Alitp—a;
[e3%
— [ '
m=| Mao .. Map .. Mai1 [ €A, ma,p = 0 when (a, 8) # (a,b)

Ogaaﬂglil

mi—1,0 .. Mi—1,8 ... Mi—1]-1

is generated in degree 0 and 1. Moreover, we can assume that mg,;, = H;'Lio yi; (i; €
{0,--- ,h},ny € N).
If mygyp is decomposed into [T7Lgvi; = 1720 v, [ 172,41 ¥i; (n2 € N) such that | —a <

1
deg(]_[?i1 Yi;) < 2l —a — 1, then we have H?io Yi; € (A[l])a’C = Ay q and H?;nﬁl Yi; €

(A,[;l],l)c,b = Ayii—1)4p—c (0 < J¢ < 1—1). In this case, we can show the claim by using induction
on the degree of m. So, it is sufficient to show that we have such a decomposition for all m.
Indeed, we can find at least one such decomposition from (2l —a — 1) — (I —a) + 1 =1 and
the choice of [. In detail, we have | — a < deg(y;,) < 2l —a — 1 or there exists ng € N
such that deg(vi,yiy = ¥i,,) <! —aand I —a < deg(¥YigYi, = Yin, Ying+1) < 20 —a — 1 since
0 < deg(y;) <. O

Lemma 3.21. gl.dim(qgr(C/(f))) =n—1.

Proof. We use the idea of the proof in Lemma 3.8. We consider an N-graded k-algebra
B = k[so, - ,8n]/ (320 si) with s; = 2. Then, Al% is right noetherian and qgr(C/(f)) ~
agr((C/(f))) from Remark 3.19. So, it is enough to prove that gl.dim(qgr((C/(f))l¥)) =
n — 1. Because (C/(f))? is finite over B, (C/(f)) is also finite over B. In addition,
(C/(f) is generated in degrees 0 and 1 from Lemma 3.20. So, qgr((C/(f))I¥) is equivalent
to the category of coherent modules over a sheaf A of Op,,j(p)-algebra, where A is the sheaf
on the projective spectrum Proj(B) which is locally defined by a tiled matrix algebra

Eio E;q o Eiga
E; 1 Eio o Eigoo
N; = . . )
Ei _a+1 Ei_qy2 - Eip

on each D, (s;). Here, E; := (C/(f))[z; '] and E; ; is the degree j part of E;. As in the proof
of Lemma 3.8, it is enough to show that the global dimension of N; is n — 1 for all 4.

On the other hand, Ry = FE; & Ez(l) DD E,L(d — 2) D E,L(d — 1) and Ry .= F; &
Ei(l)&--- & Ei(d; — 2) & E;(d; — 1) are progenerators in Gr(E;). So, the category of right
Endg, (R1)-modules and the category of right Endg, (R2)-modules are equivalent because they



SOME EXAMPLES OF NONCOMMUTATIVE CALABI-YAU SCHEMES 11

are equivalent to the category of graded right E;-modules (cf. [20, Lemma 4.8], [25, Remarks
after Proposition 4.5]). We also have Endg, (R1) ~ N; and

E;o E;q o Eig,1
E; Eio o Big o
Endgr(Rg) ~ Mz = . . .
Ei_q+1 Ei—g42 - Eio

So, it is sufficient to prove the global dimension of M; is n — 1 for each 1.

For simplicity, we assume ¢ = 0. When i # 0, we can show the claim in the same way.
Let D = k[S1,--+,Sn]/(1 + 327 S;) with S; = 5;/s0. We show that the global dimension
of the D-algebra My is n — 1. The module structure of My is given by the identification
S; = (l’?J /:vgo)ldo € My, where I, is the (dy x dp)-identity matrix. Let m = (S1—aq,--- Sy —
an) (aj € k) be a maximal ideal of D with 1+ 377 ;a; = 0. It is sufficient to show that
gl.dim((My)m) = n—1, where (Mp) is the localization of My at m (cf. the second paragraph
of the proof of Lemma 3.8). We divide the proof of this claim into two cases.

Case (a) : all a; are not0. Because S1—ay,--- ,S,—ay is a regular sequence in (M), we
show that the global dimension of (M) /m(Mo)m ~ Mo/mMy is 0 (cf. the third paragraph
of the proof of Lemma 3.8).

First, the category of My/mMy-modules is equivalent to the category of graded Ej :=
Eo/(xi”/xg’o —ap, -, xn /xgo — ayn) Ep-modules. This is a Morita equivalence obtained from
the isomorphism Endg, (E() ~ Mo/mMjy (cf. the three previous paragraph).

Next, we see that E}, is strongly graded. Since Ey ~ (Clzgt])/(1 + (a1 /zho) + .. +
(:cﬁ"/:zgo)), we have Ej =~ (C[a:al])/(x?l/xgo —ap,- - ,xﬁ"/xgo — ay). For any [ € Z, if
T = xéoxlf coal € (EY), (Ip € Z,11,- -+ 1, € N), then there exist kq,--- ,k, € N such that
= xé_zki)ho_loxlflhl_ll~--J:Z"h"*l” € (E()—i. Because &’ € k*, we get 1 € (E{)i(E})—i
and Ej is strongly graded.

Since E|) is strongly graded, we have Gr(E()) ~ Mod((E()o). Then, (E{)o is a twisted group
algebra, where a k-basis of (Ep)o is {zg 27 25 -+ -2 € (Ep)o | 2oj_gejdj =0and 0 < ¢; <
hj (Yj=1,2,---,n)}. In particular, (E})o is semisimple. Hence, the graded global dimension
of E}, is 0 and gl.dim(My/mM,) = 0.

Case (b) : some of aj are 0. For example, we assume a; = 0. Then, (xil“/xgo)ldo is an
annihilator of any simple Mp-module N. On the other hand, we have a unique integer r;
such that 0 < deg(x1/z(') < do — 1. If deg(z1/x(') = 0, then J = z1/xy' 14, annihilates N.
Otherwise, the matrix

annihilates N because "n; € N such that J"/ = (:E}fl/a:go)ldo (the reduction of N; to M; is
used here). Thus, it is enough to prove that the global dimension of (My/JMp)m = n — 2 (cf.
the fourth paragraph of the proof of Lemma 3.8). Note that we have
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Foo Foa o Fodg-1
o1 oo o Fydp—2
Fo,—do+1 Fo,—dot2 -+ Fopo
where Fy = Eo/x1Ey ~ k(xo,x2, -+ ,xpn)/(zj2; — qjixixj,xgo + xgz + et xﬁ")i,j [1:61] and
Fy ; is the degree j part of Fy.
If any of ag, - - ,ay is not 0, we can reduce to the case (a) from 3.2.1. If some of ag,--- ,ay,
are 0, repeat the above process until we can reduce to the case (a). O

Proof of Theorem 3.15. gl.dim(qgr(C/(f))) is finite. So, the balanced dualizing complex

(C/(f))n] of C/(f) induces the Serre functor of qgr(C/(f)) from [5, Theorem A.4]. We
complete the proof as in the proof of Theorem 3.3. U

4. COMPARISON AND CLOSED POINTS

In this section, we calculate closed points of noncommutative projective Calabi-Yau schemes
of dimension 2 obtained in Section 3.2 and compare our examples with commutative Calabi-
Yau varieties and the first examples constructed in [!1]. In particular, we show that a non-
commutative projective Calabi-Yau scheme in Section 3.2 gives essentially a new example of
noncommutative projective Calabi-Yau schemes.

Example 4.1. Any weight (do, d1, d2, d3) of noncommutative projective Calabi-Yau 2 schemes
in Theorem 3.15 such that ged(do, d1,d2,d3) = 1 is one of the following (obtained by using a
computer):

(do,d1,d2,d3) = (1,1,1,1),(1,1,1,3),(1,1,2,2),(1,1,2,4),(1,1,4,6), (1,2,2,5),
(1,2,3,6),(1,2,6,9),(1,3,4,4), (1,6,14, 21), (2,3,3,4), (2, 3, 10, 15).

From now, we focus on the closed points of noncommutatative projective Calabi-Yau 2
schemes in Theorem 3.15 whose weights are of type (1,1, a,b). We recall the notion of closed
points of noncommutative projective schemes.

For simplicity, we often call an N-graded k-algebra of the form k(zo,---,2zm)/(2j2 —
pjizizi)i; (pji € k*,m € N) with deg(z;) > 0 a weighted quantum polynomial ring. (pj;)
is called the quantum parameter.

Definition 4.2 ([13, Section 3.1]). Let A be a finitely generated right noetherian connected
N-graded k-algebra. A closed point of proj(A) is an object of qgr(A) represented by a 1-
critical module of A. In particular, if A is a quotient of a weighted quantum polynomial ring,
then every point is one of the following:

(1) An ordinary point, which is represented by a finitely generated 1-critical module of
multiplicity 1.

(2) A fat point, which is represented by a finitely generated 1-critical module of multi-
plicity > 1.

(3) A thin point, which is represented by a finitely generated 1-critical module of multi-
plicity < 1.
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For the definitions of 1-critical modules and multiplicities, see |18, Definition 3.1, 3.10]. Note
that if A is generated in degree 1, the notion of ordinary points and that of point modules
are the same, and there is no thin point. We denote by |proj(A)| the set of closed points of

proj(A).

Let C = k(mo,xl,xg,x;),)/(xj:ci — q]@xixj)i,j whose weight is of type (do,dl,dg,dg) =
(1,1,a,b) (0 < a <b). We assume that ¢;jq;; = ¢;; = 1 for all 7,5. Since dy = 1, C[xal] is
strongly graded. So, from [ %, Theorem 4.20], we have

[proj(C)| = |spec(Clay o)l | lproj(C/ (o)),

where we denote by [spec(C[zg ']o)| the set of simple modules of C[zy ']o. In this equality, the
1 (resp. n > 1)-dimensional simple modules of spec(C[zy']o) correspond to ordinary (resp.
fat) points in proj(C). Similarly, we have

[proj(C)| = Ispec(Clzg ‘o)l || lspec(C/ (x0)[x7 o)l || Iproi(C/ (zo, 1))].

It easy to see that Clxzy']o is isomorphic to (X1, Xa, X3)/(X; X; — ;i XiXj)i,j, where q;; 1=
qg}qjiqu (1,5 # 0). C’/(azo)[xl_l}o is also isomorphic to k(Y2,Y3)/(Y3Ys — p3aYaYs), where
P32 = 41303205 -

Let C1 = k(xg, 21, vy, 25) /(2] — ¢);xia})i 5, where deg(x]) = 1, qp; = ¢jo = 1 for all 4, 5.
Let Cy := k{y1,y2,y3)/(yjyi — Pji¥ivy)i,j» where deg(y;) = 1, p1; = pj1 = 1 for all i,j. Then,
we can consider the point scheme of proj(Cy) (resp. proj(Cs)), which is isomorphic to the set
of ordinary points |[proj(C1)|ora (resp. |proj(C2)|ora) as sets. Thus, we regard |proj(Ch)|ord
(resp. |proj(C2)|ord) as the point scheme of proj(C1) (resp. proj(C2)).

Let |spec(Clrg o)1 (resp. [spec(C/(zo)[z1 o)1) be the set of 1-dimensional simple
modules of Clzy ']y (vesp. C/(xo)[z] ]o). Because C’l[:cgfl]o ~ Clzg'o and Cyly; o =~
C/(z0)[x] )0, we can think of |spec(Clzy ]o)|1 (resp. [spec(C/(xo)[zy o)1) as a locally
closed subscheme of |proj(Ci)|ora (resp. |proj(Ca)|ora) from [1%, Theorem 4.20].

Lemma 4.3. (1) If q}i %1 for all i,j5 # 0, |spec(C[:ral]0)\1 18 a union of three affine
lines.
(2) If ps2 # 1, |spec(C/(z0)[x1 o)1 is a union of two affine lines. Otherwise,
spec(C/ (zo)lz o) = A%

Proof. (2) is well-known (for example, see [20, Section 4.3]). Regarding (1), under the as-
sumption of the lemma, proj(C;) belongs to case (3) or case (4) in [32, Corollary 5.1]. This
shows that [spec(Cy[z) ™ Jo)|1 is isomorphic to Uiz Z(X5, X5) C A3 = Spec(k[X], X}, X1])
(cf. [32, Proposition 4.2] or [2, Theorem 1]). O

Remark 4.4. We consider the weights (1,1,a,b) and the quantum parameters which give
noncommutative projective Calabi-Yau 2 schemes in Theorem 3.15. Then, we can check that
if pgo # 1, then qg»i = 1 for all 4, # 0 by using a computer. Moreover, if p3o = 1, then qg»i =1
for all 4,5 # 0. In this case, |spec(Clzg o)1 =~ A%

We consider C/(zg,x1) = k{za,x3)/(x302 — g32w2x3). Then, it is known that a weighted

quantum polynomial ring of 2 variables is a twisted algebra of a commutative weighted poly-
nomial ring k[z,y] with deg(z) = a > 0,deg(y) = b > 0 (for example, see [2%, Example 4.1]
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or [30, Example 3.6]). So, it is enough to consider the closed points of proj(k[z,y]). We want
to study the closed points of proj(k[z,y]) in the case of (a,b) = (2,2),(2,4) or (4,6). Note
that when (a,b) = (1,1) or (1,3), they are classified in [1%, Theorem 3.16]. We treat a more
general setting below.

Lemma 4.5. Let R = k[z,y| be a commutative weighted polynomial ring with deg(x) = a >
0,deg(y) = b > 0. Let g := ged(a,b),a’ := a/g and V' := b/g. Then, every closed point of
proj(R) is one of the following:

(1) wR/()(~i), i =0, b1

(2) 7R/(W)(~3). 1 = 0. a 1.
(3) mR/(Bx® — ay®)(—k), where (o, B) € P'\{(0,1),(1,0)} and k =0,--- ,g — 1.

Moreover, all of them are not isomorphic in proj(R).

Proof. The proof is almost the same as the proof of [1%, Lemma 3.15, Theorem 3.16]. We give
the sketch of the proof.

Firstly, every closed point of proj(R) is represented by a cyclic critical Cohen-Macaulay
module of depth 1. Then, M € gr(R) satisfies these conditions and is generated in degree 0 if
and only if M is isomorphic to one of R/(x), R/(y) or R/(Bx¥ —ay®) (o, B € k). Since being
cyclic critical Cohen-Macaulay of depth 1 is invariant under shifting, any closed point is rep-
resented by some shifts of one of the above modules (that is, R/(z)(—1), R/(y)(=1), R/(Bz" —
ay®)(=1), l € 7).

Finally, we classify the isomorphic classes of these modules in proj(R). We have no iso-
morphisms between the three types of closed points by considering their Hilbert polyno-
mials and multiplicities. Then, we have 7R/(8z" — ay®) ~ 7R/(Bz¥ — ay®)(—gl), ("I €
Z,"(a, B) € P'\{(1,0),(0,1)}). We also have 7R/(Bz" —ay®) ~ 7R/(f'z" —a’y®) if and only
if (o, B) = (o/, ") in P\{(1,0),(0,1)}. In addition, we can show that 7R/(z) ~ 7R/ (x)(—1)
(resp. mR/(y) ~ 7R/(y)(—3)) if and only if ¢ = 0 (mod b) (resp. j =0 (mod a)). From these
discussions, we get the claim. O

We can study ordinary and thin points of noncommutative projective Calabi-Yau 2 schemes
in Theorem 3.15 by using the above investigations. We give examples of noncommutative
projective Calabi-Yau schemes whose moduli of ordinary closed points are different from
those in [1 1, Proposition 3.4] and commutative Calabi-Yau varieties.

Example 4.6. We consider the weight (1,1,2,2) and the quantum parameter

2

1 1 1 w

11 w? 1 —1+iV3

a=()=|, L9 1] e=—3"
w 1 1 1

Then, we have
1 w? w
d d
d=()=|w 1 |, ¢3q20; = w?.
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From Lemma 4.3 and Lemma 4.5, the set of ordinary and thin points
[proj (C/(f))lord & thin = lspec(C/(f)[g Jo)l1 || lspec(C/(f, o) Iy o)
| | Iproi(C/(f,20,21))

is 24 points. To be more precise, we have [spec(C/(f)[zy]o)|1 = Liss Z (X5, X5, 1+ X0+ X3+
X3) € A2, [spec(C/(f,20)[x7 o)1 = Lizi2 Z(Ye, 1+ Y5 + Y3) and |proj(C/(f, xo,21))| =
{3pts} U {3pts}.

This calculation shows that for a fixed weight, if the number of the set of ordinary and thin
points of proj(C/(f)) is finite, then the number is independent of the quantum parameters.

From the method in Example 4.6, Remark 4.4 and a direct computation, we have the
following.

Proposition 4.7. For a weight (1,1,a,b) in Example 4.1 and a quantum parameter q which
gives a noncommutative projective Calabi-Yau scheme, if the set of ordinary and thin points
of proj(C/(f)) is finite, then the number of the set is always 24.

The following proposition shows that some of noncommutative projective Calabi-Yau 2
schemes in Theorem 3.15 are essentially new examples.

Proposition 4.8. There exists a noncommutative projective Calabi-Yau 2 scheme which is
obtained in Theorem 3.15 and not isomorphic to either commutative Calabi- Yau surfaces or
noncommutative projective Calabi-Yau 2 schemes obtained in [11].

Proof. We divide the proof into four steps.

Step 1. We choose the weight (1,1, a,b) and the quantum parameter q as in Example 4.6.
Then, the number of ordinary and thin points of proj(C/(f)) is finite. So, proj(C/f) is not
isomorphic to any commutative Calabi-Yau surfaces.

Step 2. We prove that proj(C/(f)) is not isomorphic to any noncommutative projective
Calabi-Yau 2 schemes in [11]. To prove this, we use the theory established in [!]. First, note
that we can think of qgr(C/(f)) as the category of coherent modules of a sheaf A of algebras
on the projective spectrum Proj(k[so, s1, $2, s3]/(s0 + s1 + s2 + s3)) (cf. the proof of Lemma
3.21). We define a sheaf Z4 to be the sheaf whose sections are

DU, Z4) ={s eT(U,A) | s|ly € Z(T(V,A),"V C U : open}

for all open subsets U (cf. [!, Proposition 2.11]). In particular, if U is affine, I'(U, Z4) =
Z(T'(U, A)). Then, we show that Spec(Z(I'(D4(s;),.A))) has 4 singular points when i = 0,1
and a 1-dimensional singular locus when ¢ = 2,3. In the following, we verify this claim
for ¢ = 0,2. Similarly, the claim is proved for ¢ = 1,3. In the following, we write Z; as
Z(I'(D4(s4),A)) for any i. We also use the notations in the proof of Lemma 3.21.

When i = 0, any m € Zg is of the form m = <uée ,f;e) € Ny, (e € Epp, pt1, p2 € k™) from

the definition of A. We have Eo o ~ k(X1, Xa, X3)(X; Xi—¢}; Xi X, 14+ X{+ X3+ X5); j, which
is obtained from the identifications X; = xla:al, X9 = x2x0_2 and X3 = $3$0_2. Here, the q;i
are as in Example 4.6. So, Z(Eoo) ~ kY, Z,W,U]/(1+ Y2+ Z+W,YZW =\ U3) (\; € k),
which is obtained from the identifications Y = (z125')%,Z = (z9252)%, W = (23152)% and
U = (2175 ") (w225 %) (v325 2). On the other hand, we define the inclusion ¢ : Z(FEpo) — Ny
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in which Y, Z, W are mapped naturally and U to (§ 9,). It is easy to see that ¢(Z(Eo,)) C
Zy. Because the choice of u; determines po in the above form of m, the map ¢ induces
Zy ~ Z(Fo,0). Thus, one can show that Spec(Zy) has 4 singular points by using the Jacobi

criterion.
Mée uge) € Ny, (6 € E2,07,u17,u'2 S kx) from
the definition of A. We also have Fy o ~ k(Xo, X1, X2, X3)/(X; X; — ¢j; Xi X, 1+ X6 4 X6+

Xg’, Xo X1 — )\QXQQ)M (A2 € k™), which is obtained from the identifications Xy = x%xgl, X =
x%x;l, X5 = xoxlxgl and X3 = 33‘3.1:2—1. Here, the q;; are defined by the matrix

12ww2o.)2

Yy — [ w1 ww
@) ={% 279 )

1 1

When i = 2, any m € Zs is of the form m = <

M)

wzw

So, Z(Eqp) ~ k[X,Y,W,U,V]/(X +Y + 1+ W, XY — \U%L XYW — \V?) (A3, \s € k),
which is obtained from the identifications X = (2325 ')%, Y = (2325 1)3, W = (2325')%,U =
(zor125 1) and V = (woz125 ') (w325 "). On the other hand, we define the inclusion ¢ :
Z(E3p) — Nz in which X,Y, W,U are mapped naturally and V' to (‘6 w(%/). It is easy to see
that ¢(Z(Ea)) C Z2. Because the choice of p; determines pg in the above form of m, the
map ¢ induces Zy ~ Z(Ey (). Thus, one can show that Spec(Z3) has a 1-dimensional singular
locus by using the Jacobi criterion.

Step 3. We consider the weight (1,1,1,1) and take a quantum parameter which gives a
noncommutative projective Calabi-Yau 2 scheme proj(C’/(f')) whose point scheme is finite.
agr(C’/(f")) is thought of as the category of coherent modules of a sheaf B of algebras on the
projective spectrum Proj(k[to,t1,t2,t3]/(to + t1 + t2 + t3)).

The number of the choices of quantum parameters (g;;) which satisfy the conditions of
Theorem 3.15 and give a noncommutative projective Calabi-Yau scheme whose moduli space
of point modules is finite is 20 except permutating variables (we get the list below by using a
computer and hand calculations):

% % 11 11 %% 11 11 1 -1
-1 — —i % 1 1 -11
1'<1—1 1 —1)72‘(11' 1 i>73'< 1 -11 1 >74'<
1-1-11 11— 4 1 -1 1 1 1
% % 111' 1 1 1 ¢ 11 1 —3
-1 —i 1 1 —i—1 11 -1 3
5'(1 -1 1 i>76'<1‘ i1 1 >77' 1-11 4 ;8.
-4 1 1 1 -1 -1 1 1 i —i —i 1

1 -1-1¢
-1 1 —1:
716' -1-11 3 |>
-1 —1 —3 1
1 -1 -1—3 1 -1 ¢ 1 1 9 3 1 1 4 4 —1
-1 1 -1 —3 -1 1 4 3 - 1 —i 1 -1 1 —1i —1
17'(—1—11—i>’18' -4 —t 1 -1 719’<ii 1i>’20' —i1 1 1 :
101 1 1 -4 —1 —1 1 -4 —1 ¢ 1 i 1 —1 1

When we choose one (g;;) of the above 20 quantum parameters, then for any I,
D(Dy (6, B) = k(Yi, Yo, Y3)/ (VY] — q[¥;¥i Yt + Y5 + Vi + 1)1<ij<, where (q}) is vep-
resented by one of the following matrices (we can verify this with direct calculations) :

(a). (_11 By Z%), o). ( i1 7>

-1 1 1
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We write Z] := Z(I'(D+(t),8)). When (qj;) is type (a), Spec(Z]) has 6 singular points
because Z] is generated by Y2, YZ,YZ and Y1Y2Y3 as a k-algebra. When (qgj) is type (b),
Spec(Z]) has 3 singular points because Z] is generated by Y14,Y4,Y34 and Y1Y2Y3 as a k-
algebra. Moreover, for any (g;;) in the above table, if B is type (a) (resp. (b)) on D (¢;) for
some [, it is also type (a) (resp. (b)) on D4 (¢;) for any other .

Step 4. If qer(C/(f)) is equivalent to qgr(C’/(f’)) then, we must have an isomorphism
of schemes between Spec(Z4) and Spec(Zp) by [!, Theorem 4.4] (cf. [, Section 6]). Since
Spec(Z 4) has infinite singular points, but, Spec(Zg) has finite singular points, such a situation
does not happen. Hence, we complete the proof. O
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